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Abstract 

We consider a generalized version in continuous time of the parking problem of 
Knuth. Files arrive following a Poisson point process and are stored on a hardware 
identified with the real line. We specify the distribution of the space of unoccupied 
locations at a fixed time and give its asymptotics when the hardware is becoming 
fuU. 
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1 Introduction 

We consider a generalized version in continuous time of the original parking problem 
of Knuth. Knuth was interested by the storage of data on a hardware represented by 
a circle with n spots. Files arrive successively at locations chosen uniformly among 
these n spots. They are stored in the first free spot at the right of their arrival point 
(at their arrival point if it is free). Initially Knuth worked on the hashing of data (see 
e.g. [HI [III [12]) : he studied the distance between the spots where the files arrive and 
the spots where they are stored. Later Chassaing and Louchard [8] have described 
the evolution of the largest block of data in such coverings when n tends to infinity. 
They observed a phase transition at the stage where the hardware is almost full, which 
is related to the additive coalescent. Bertoin and Miermont [5] have extended these 
results to files of random sizes which arrive uniformly on the circle. 
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We consider here a continuous time version of this model where the hardware is 
large and now identified with the real line. A file labelled i of length (or size) li arrives 
at time > at location Xi G M. The storage of this file uses the free portion of size 
li of the real line at the right of Xi as close to Xi as possible (see Figure [1]). That is, it 
covers [xi ,Xi + li[if this interval is free at time ti . Otherwise it is shifted to the right 
until a free space is found and it may be split into several parts which are stored in the 
closest free portions. We require absence of memory for the storage of files, uniformity 
of the location where they arrive and identical distribution of the sizes. Thus, we model 
the arrival of files by a Poisson point process (PPP) : {{ti,XiJi) : z E N} is a PPP 
with intensity dt^dx^ v{dl) on M"*" x M x M"*". We denote m := li'{dl) and assume 
m < cxD. So m is the mean of the total sizes of files which arrive during a unit interval 
time on some interval with unit length. 

We begin by constructing this random covering (Section 2.1). The first questions 
which arise and are treated here concern statistics at a fixed time. What is the 
distribution of the covering at a fixed time ? At what time the hardware becomes full ? 
What are the asymptotics of the covering at this saturation time ? What is the length 
of the largest block on a part of the hardware ? 

It is quite easy to see that the hardware becomes full at a deterministic time equal 
to 1/m. In Section 3, we give some geometric properties of the covering and characterize 
the distribution of the covering at a fixed time by giving the joint distribution of the 
block of data straddling and the free spaces on both sides of this block. The results 
given in this section will be useful for the problem of the dynamic of the covering 
considered in p], where we characterize the evolution in time of a typical data block. 
Moreover, using this characterization, we determine the asymptotics of the covering 
C{t) at the saturation time 1/m (Theorem . 

By the same method, we determine the asymptotic regime of the hardware restricted 
to [0, x] rescaled to [0,1] at saturation time (Theorem S]). We derive then the asymp- 
totic of the largest block of the hardware restricted to [0, x] when x tends to infinity. 
As expected, we recover the phase transition observed by Chassaing and Louchard in 0. 

As we look at C(t) at a fixed t, it does not depend on the order of of files 
before time t. Thus if ly is finite, we can view the files which arrive before time t 
as customers : the size of the file I is the service time and the location x where the 
file arrives is the arrival time of the customer. We are then in the framework of 
M/G/1 queuing model in the stationary regime and the covering C{t) is the union 
of busy periods (see e.g. Chap 3 in [21]). Thus, results of Section 3 for finite v 
follow easily from known results on M/G/1. For infinite i^, results are the same 
but busy cycle is not defined and proofs are different and proving asymptotics on 
random sets need results about Levy processes. Moreover, as far as we know, the 
longest busy period and more generally asymptotic regimes on [0, x] when x tends 
to infinity and t tends to the saturation time has not been considered in queuing model. 
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2 Preliminaries 



Throughout this paper, we use the classical notation 5x for the Dirac mass at x and 
N = {1, 2, ..}. If 7?. is a measurable subset of R, we denote by | 7?. | its Lebesgue measure 
and by Tf^^ its closure. For every x € M, we denote hy TZ — x the set {y — x : x € TZ} and 

QxiTl) = sup{y <x:y£ 7^}, dxiTZ) = inf{y > x : y £ 7^}. (1) 

If / is a closed interval of M, we denote by 7i{I) the space of closed subset of /. We 
endow TCi^I) with the Hausdorff distance dn defined for all A, B C M hy : 

dH{A,B) = max(sup(i(x,5),sup(i(x,yl)), where d{x,A) = inf{l - e"'^'"^' : y G A}. 

xeA x&B 

The topology induced by this distance is the topology of Matheron [18] : a sequence TZn 
in ^(1) converges to IZ iff for each open set G and each compact K, 

TZr\G ^ implies IZn H G 7^ for n large enough 
lZr\ K = implies TZn Ci K = for n large enough 

It is also the topology induced by the Hausdorff metric on a compact using 
arctan(7^U {— 00, 00}) or the Skorokhod metric using the class of 'descending saw-tooth 
functions' (see [18] and [13] for details). 

2.1 Construction of the covering C{t) 

First, we present a deterministic construction of the covering C associated with 
a given sequence of files labeled by i G N. The file labeled by i G N has size li and 
arrives after the files labeled hy j < i — 1, at location Xj on the real line. Files are 
stored following the process described in the Introduction and C is the portion of line 
which is used for the storage. We begin by constructing the covering C(") obtained 
by considering only the first n files, so that C is obtained as the increasing union of 
these coverings. A short though (see Remark [l]) enables us to see that the covering C 
does not depend on the order of arrival of the files. This construction of C will then be 
applied to the construction of our random covering at a fixed time C{t) by considering 
files arrived before time t. 

Figure 1. Arrival and storage of the 5-file and representation of Y^^\ The first four 
files have been stored without splitting and are represented by the black rectangles. 
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We define C^") by induction : 

C(O):=0 C("+i):=C(")u[x„+i,y„+i[ 

where yn+i = iiif{y > 0, | TZ^"'^ fl y[|= In+i} and T^^") is tlie complementary set 

of C^") (i.e. the free space of the real line). So yn+i is the right- most point which is 
used for storing the (n + l)-th file. 

(n) 

Now we consider the quantity of data over x, Rx , as the quantity of data which we 
have tried to store at the location x (successfully or not) when n files are stored. These 
data are the data fallen in [^j; (??.(")), x] which could not be stored in [gx{'R.^'^^),x], so 
is defined by 



E 



k - (x-5.(7^("))). 



i<n 



in) 



This quantity can be expressed using the function y , which sums the sizes of the files 
arrived at the left of a point x minus the drift term x. It is thus defined by 
and 

F(,^"^-yi")= li - (b-a) for a < 6. 

i<n 



Introducing also its infimum function defined for x € M by /^"'■* := infjl^^"'' : y < x}, 
we get the following expression. 
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Lemma 1. For every n> 1, we have i?*^"^ = Y^^^ — 

Proof. Let € M. For every y < x, the quantity of data over x is at least the quantity 
of data fallen in [y, x] minus y — x, i.e. 

Xi£[y,x] 

(n) 

and by definition of Rx , we get : 

4")=sup{ k - i^-y)-- y<x} = sup{yi")-yW: y<x}. 

i<n 

Then = yj") - □ 

As a consequence, the covered set when the first n files are stored is given by 

C(") = {x G M : y(") - > 0}. (2) 

We are now able to investigate the situation when n tends to infinity under the 
following mild condition 

V L > 0, Y k<oo, (3) 

Xie[-L,L] 

which means that the quantity of data arriving on a compact set is finite. We introduce 
the function Y defined on R by Yq = and 

Yh-Ya = ^ - {b- a) for a < 6 

Xi<^]a,b] 

and its infimum / defined for x G M by Ix ■= inf{l^ '■ y ^ x}. 

As expected, the covering C := U„gNC(") = llnenix G M : - > 0} is 

given by 

Proposition 1. - //lima;_^_oo = +oo, then C = {x G R : Yx — Ix > 0} ^ M.. 

- //liminfj,^_oo Yx = -oo, then C = {x gR: Yx - Ix > 0} =R- 

Remark 1 . This result ensures that the covering does not depend on the order of arrival 
of files. 

Proof. Condition ([3]) ensures that y^") converges to Y uniformly on every compact set 
of M. 

• If lima;^_oo y^ = +00, then for every L > 0, there exists L' > L such that 
I^L' = Y^L'- Moreover Yx < yj"^ if x < 0. So : 

=/_^, and I-L' <I^^l<Y['i, 
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Then I_y I-l'- As y(") converges to Y uniformly on [— L',L'], this entails that 
for every x in [— uii{Yy"'\ —L' < y < x} '^Z^ inf{Yy, —L' < y < x}. Then, 

4") = /i'i, A inf{yj"), -L'<y< x} ™ I.l' A inf{y^, -L'<y<x}= 

So yi"^ — li""^ "2^3? 1^ — and Y^"^ — /i"^ increases when n increases since it is equal to 
, the quantity of data over x (see Lemma [1]) . We conclude that there is the identity 

{x e M, - 4 > 0} = Unen{x G M, ^i") - 4"^ > 0} = C. 

Moreover -L' ^ {x G R : - 4 > 0}, so C = {x G M, - Ix > 0} 7^ M- 
• If liminfa;^_(X) ^ = —00, then for every x G M, 

Ix = —00 and I^"-* 
The first identity entails that {x G M, Y^ — Ix > 0} = R. As (yi"'*)neN is bounded, the 

(n) (n) 

second one implies that there exists n in N such that Y^^ ' - IT' > 0. Then we have 
also U„eN{2; G M : T^") - /("^ > 0} = M, which gives the result. □ 



Finally, we can construct the random covering associated with a PPP. As the order 
of arrival of files has no importance, the random covering C{t) at time t described 
in Introduction is obtained by the deterministic construction above by taking the 
subfamily of files i which verifies ti <t. 

When files arrive according to a PPP, (Yx)x>o is a Levy process, and we recall now 
some results about Levy processes and their fluctuations which will be useful in the 
rest of this work. 



2.2 Background on Levy processes 

The results given in this section can be found in the Chapters VI and VII in ^ 
(there, statements are made in terms of the dual process —Y). We recall that a Levy 
process is cadlag process starting from which has iid increments. A subordinator is 
an increasing Levy process. 

We consider in this section a Levy process {Xx)x>o which has no negative jumps 
(spectrally positive Levy process). We denote by ^ its Laplace exponent which verifies 
for every p > : 

E{exp{-pXx)) = exp(-x^(p)). (4) 

We stress that this is not the classical choice for the sign of the Laplace exponent of 
Levy processes with no negative jumps and a negative drift such as the process {Yx)x>o 
introduced in the previous section. However it is the classical choice for subordinators, 
which we will need. It is then convenient to use this same definition for all Levy 
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processes which appear in this text. 



First, we consider the case when {Xx)x>o has bounded variations. That is, 

Xx := dx+ ^ /j, 

where {{xi,li) : i G N} is a PPP on [0, cxd[x [0, oo] with intensity measure dx ® v such 
that xv{Ax) < oo. We cah u the Levy measure and d G M the drift. Note that 
{Yx)x>o is a subordinator iff d > 0. 

Writing for the tail of the measure u, the Levy-Khintchine formula gives 

/■oo 

^(p) = dp+ I (l-e-^")i/(dx), (5) 
P Jo 

r 

^r'(o) = d+ xi/(dx), (7) 





oo 



d+ / e~P''v{x)dx, (6) 



oo 







lim = d and lim - dp) = v{<d). (8) 

p— >oo p p— ►oo 



Second, we consider the case when ^1 has a right derivative at with 

^''(0) < (9) 

meaning that E(Xi) < 0. And we consider the infimum process which has continuous 
path and the first passage time defined for x > by 

Ix = inf{Xj^ : < y < x} ; = inf{z > : < -x]. 

As — ^ is strictly convex and — ^''(0) > 0, — ^ is strictly increasing from [0, oo[ to [0, oo[ 
and so is strictly positive on ]0,oo]. We write k : [0, oo[— > M for the inverse function of 
— ^ and we have (see [1] Theorem 1 on page 189 and Corollary 3 on page 190) : 

Theorem 1. {tx)x>o is a subordinator with Laplace exponent k. 

Moreover the following identity holds between measures on [0, oo[x [0, oo[ : 

x¥{ti e dx)dl = IF{-Xx G dl)dx. (10) 

Note that if {Xx)x>o has bounded variations, using ([8]), we can write 

Vp>0, K(p) = -^ + ^"(l-e-^^)n(dz), (11) 
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where 11 is a measure on M"*" verifying (use ([8]) and Wald's identity or ([7])) : 

n(o) = r xn(dx) = -- J (12) 

a Jq " " + Jo xiy{dx) 

Now we introduce the supremum process defined for x > by 

Sx := sup{Xj; : < y < x}, 
and the a.s unique instant at which X reaches this supremum on [0, x] : 

7^ := inf{y G [0,x] : Xy = S^}. 

By duahty, we have {Sx,jx) = — Ix,x — Qx) where Qx denotes the a.s unique instant 
at which {Xx-)x>o reaches its overah infimum on [0,j;] (see Proposition 3 in [i] or |3] 
on page 25). If T is an exponentially distributed random time with parameter g > 
which is independent of X and A, /i > 0, then we have (use [1] Theorem 5 on page 160 
and Theorem 4 on page 191) : 



E(exp(— ^5t — A7t)) 



q{K{\ + q)- n) 



K{q){q + X + ^{fi)) 

exp( / dx ¥{Yx £ dy)(e-^^-^S' - l)x~^e-'''') 
Jo Jo 



which gives 



E(exp(-,S.-A..)) = -i^|(^ = -*'(0)^ ,13) 
E(exp{-^S„)) = (14) 



/>oo 

E(exp(-A7oo)) = exp( / (e"^" - l)x-^F{Xx > 0)dx) 

Jo 



(15) 



3 Properties of the covering at a fixed time 

3.1 Statement of the results 

Our purpose in this section is to specify the distribution of the covering C{t) and 
we will use the characterization of Section 2.1 and results of Section 2.2. In that view, 
following the previous section, we consider the process (yi*^)x6K associated to the PPP 
{{ti,li,Xi),i £ N} and defined by 

^0^*^=0 ; y/*)-yW= k - (b-a) for a < 6, 

U<t 
Xi^]a,b] 

which has independent and stationary increments, no negative jumps and bounded vari- 
ation. Introducing also its infimum process defined for x G M by 

:=inf{yW :y<^}, 
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we can give now a handy expression for the covering at a fixed time and obtain that the 
hardware becomes full at a deterministic time equal to 1/m (see below for the proofs). 

Proposition 2. For every t < 1/m, we have C{t) = {x G M : Yi*^ > Ix^} / M a.s. 
For every t > 1/m, we have C{t) = M a.s. 

To specify the distribution of C{t), it is equivalent and more convenient to describe 
its complementary set, denoted by TZ{t), which corresponds to the free space of the 
hardware. By the previous proposition, there is the identity : 

7^(^) = {xGM:yW=/W}. (16) 

We begin by giving some classical geometric properties which will be useful. 

Proposition 3. For every t >0, TZ{t) is stationary, its closure is symmetric in distribu- 
tion and it enjoys the regeneration property : For every x G M, {'R-{t) — dx{TZ{t)))ri [0, oo[ 
is independent ofTl{t)r\] — oo,x] and is distributed as {JZ — do{JZ{t))) n [0,oo[. 
Moreover for every x G M, P(x G C(t)) = min(l,mt). 

Remark 2. Even though the distribution of TZ{tY^ is symmetric, the processes {TZ{tY^ : 
t G [0, 1/m]) and {—TZ{tY^ : t G [0, 1/m]) are quite different. For example, we shall 
observe in [1] that the left extremity of the data block straddling is a Markov process 
but the right extremity is not. 

We want now to characterize the distribution of the free space TZ{t). For this purpose, 
we need some notation. The drift of the Levy process {Yx^^)x>o is equal to —1, its Levy 
measure is equal to tu and its Laplace exponent is then given by (see ®) 

/•oo 

^(*)(p):=-p+/ (1 - e-^^)ti/(dx). (17) 
Jo 

For sake of simplicity, we write, recalling ([T|), 

g{t) := go{n{t)), d{t) = (^o(7^(^)), l{t) = d{t) - g{t), 

which are respectively the left extremity, the right extremity and the length of the data 
block straddling 0, Bo(t). Note that g(t) = d{t) = if Bo{t) = 0. 

We work with TZ subsets of M of the form U„gN[a„,6„[ and we denote by TZ := 
UneN[— — an[ the symmetrical of TZ with respect to closed at the left, open at 
the right. We consider the positive part (resp. negative part) of TZ defined by 

^ := (7^-do(7^)) n [0,cx)] = [_\ [an- do{TZ),bn- do{TZ)[, 

neN: a„>doin) 

^ := ^ = y [go{TZ) - bn,goi'TZ) - an[- 

neN: bn<go{n) 
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Example 1. For a given TZ represented by the dotted lines, we give below n and 7^, 
which are also represented by dotted lines. Moreover the endpoints of the data blocks 
containing are denoted by go and do. 

n 



9o ° ^0 

-^ i- 
■R Tl 



Thus Hit) (resp. Hit)) is the free space at the right of Bo(i) (resp. at the left of Bo(t), 
turned over, closed at the left and open at the right). We have then the identity 

7^(^) = id(t) + m) u i-9(t) + m)- (18) 

Introducing also the processes (tx^)x>o and i*T^^^)x>o defined by 

r i*^ := inf{y > : |^) n [0, y]\ > x}, := mi{y > : |^) n [0, y]| > x}, 

enables us to describe IZ^t) in the following way : 

Theorem 2. (i) The random sets n{t) and n{t) are independent, identically distributed 
and independent of {g{t),d{t)). 

(a) TZ{t) and TZ(t) are the range of the subordinators r"^*^ and V^*^ respectively whose 
Laplace exponent k^*) is the inverse function of —"^^^K 
(Hi) The distribution of {g{t),d{t)) is specified by : 

{g{t),d{t)) = {-Ul{t),{l-U)l{t)), 

F{l{t) G dx) = (1 - mt){6o{dx) + l|,>o}.xnW(dx)) 

where U uniform random variable on [0, 1] independent of l{t) and H^*) is the Levy 
measure of K^^h 



We can then estimate the number of data blocks on the hardware. If u has a finite 
mass, we write Nx^ the number of data blocks of the hardware restricted to [— a;,a;] at 
time t. This quantity has a deterministic asymptotic as x tends to infinity which is 
maximum at time l/(2m). In this sense, the number of blocks of the hardware reaches 
a.s. its maximal at time l/(2m). More precisely, 

Corollary 1. If i>{0) < oo, then for every t G [0, l/m[, 

lim — — = 1^(0)4(1 — mt) a.s. 

X ^ OO 
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Moreover, we can describe here the hashing of data. We recall that a file labelled 
by i is stored at location Xj. In the hashing problem, one is interested by the time 
needed to recover the file i knowing Xj. By stationarity, we can take Xi = 0. Thus we 
consider a file of size / which we store at time t at location on the hardware whose 
free space space is equal to TZ{t). The first point (resp. the last point) of the hardware 

occupied for the storage of this file is equal to d{t) (resp. to d{t) + ^). This gives the 
distribution of the extremities of the portion of the hardware used for the storage of a 
file. 

Before the proofs, we make some useful observations and give examples. First, we 
have for every p > (use ([TT]) ). 

/•oo 

kW(p) = p+ / (l-e-''^)nW(dx) (19) 
Jo 

and using (fT2]) 

/■oo J. 

nW(o) = tz^(o), / xnW(dx) = — (20) 

Jo l-mt 
Using (|lUp . we have also the following identity of measures on [0, oo[x [0, cxd[ 

xP(Vf ^ G d2;)d/ = /P(-yi*) G d/)dx. (21) 
Finally, we give the distribution of the extremities of Bq : 

F{-g{t) G dx) = ¥{d{t) G dx) = (1 - mt)((5o(dx) + ]l|^>o}nW(x)dx). (22) 



Let us consider three explicit examples 

Example 2. (1) The basic example is when = 6i (all files have the same unit size as 
in the original parking problem in [8j). Then for all x G M+ and n G N, 

P(yW+x = n) = e-*"^, 

nl 

FiT^ =x + n) = _J^,-ti^^n) it{n + x)r ^ 
X + n n! 

where the second identity follows from integrating pip on {(x, I) : I £ [z, z-\-h],x—z = n} 
and letting h tend to 0. Then, 

nW(n) = Mle-*" 
n.nl 

and l{t) follows a size biased Borel law : 

F{l{t) = n) = (l-t)-^^e-*'^. 

n! 

(2) An other example where calculus can be made explicitly is the gamma case when 
z^(d/) = ]l|;>o}/^^e~'dL Note that P(0) = oo and m = 1. Then, for every x G M+, 
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P(yW G dz) = ]l[_,,^[(z)r(tx)-ie-(^+^)(z + x)*^-Mz, 
P(rJ^ G dz) = l[^,oo[(^)2;(^r(tz))-ie-("~^')(z - x)*^^Mz. (24) 

Further 

nW(dz) = {zr{tz)y^e-^z^^-Uz 

and 

P(/(t) G dx) = (1 -t)((5o(dx) +r(tz)-ie-V^-Mx). 



(3) For the exponential distribution ^{dl) = l^i^oye M/, we can get : 

MrW(A) = A(-l + -^), kW(A) = (A + t - 1 + V(A + t-l)2 + 4A)/2. 
A + i 



Finahy, we specify two distributions involved in the storage of the data. 

Writing —g{t) = 7(t) (see ([27|) and ([28|) ) and using the identity of fluctuation 
(jlSp gives an other expression for the Laplace transform of g{t) : For all t G [0, l/m[ 
and A > 0, we have 

E(exp(A^(t))) =exp(^j^ (e"^^ - l)a;-^P(yj*) > 0)da;^. (25) 

As a consequence, we see that the law of g{t) is infinitively divisible. Moreover this 
expression will be useful to study the process (5'(i))te[o,i/m[ in [I]- 

The quantity of data over 0, Rq^ (see Section 2.1), is an increasing process equal to 

{—lQ^)t>o- Its law is given by S{t) (see ([27|) ) and, by p^ . its Laplace transform is then 
equal to 

(1 - mt)A 
^W(A) ■ 



3.2 Proofs 

Proof of Proposition\^ First m < oo entails that VL > 0, ^ti<t Xi£l-L L]^i ^ ^'^'^ 
condition ([9]) is satisfied a.s. 

• If t < 1/m, then E(yi*]^) = 1 — mt > and the cadlag version of {yI'^^s^_)x>o 
is a Levy process. So we have (see [1] Corollary 2 on page 190) : 



oo a.s. 
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Then Proposition [T] ensures that for every t < 1/m, C{t) = {x G M : Yx > Ix } M. a.s. 
• If t > 1/m, then K{y!:I) < ensures (see jlj Corohary 2 on page 190) : 

yit) g {Yx^^)x<o oscihates a.s in — cx) 

Similarly, we get that for every t > 1/m, C(t) = M a.s. □ 



For the other proofs, we fix t G [0, l/m[, which is omitted from the notation of 
processes for simplicity. 

To prove the next proposition and the theorem, we need to establish first a regener- 
ation property at the right extremities of the data blocks. In that view, we consider for 
every x >0, the files arrived at the left/at the right of x before time t : 

l^x • — {(^^! -^i; ^i) ' — X{ ^ X^^ 1^ . — {(^2; -^i ^i) • ii — Xi ^ x}. 

Lemma 2. For every x > 0, 'P'^^(''^(*)) is independent ofVd^ijKj^^^ '^''^d distributed as . 

Proof. The simple Markov property for PPP states that for every x S M, is indepen- 
dent of Vx and distributed as V^. Clearly this extends to simple stopping times in the 
filtration (j[Vx)^^^ and further to any stopping time in this filtration using the classical 
argument of approximation of stopping times by a decreasing sequence of simple stop- 
ping times (see also [19J). As dx(Jl{t)) is a stopping time in this filtration, P^^C^i^)) 
independent olVd^iji^t)) and distributed asV^. □ 



Proof of Proposition\^ • The free space at the right of dx(JZ{t)) at time t is given by 
the point process of files arrived at the right of dx{TZ{t)) before time t. That is, there 
exists a measurable functional F such that for all x G M, 

(7^(^) - dx{n{t))) n [o,oo[= f(p"'-(^W)). 

Similarly Tl{t)r\] — oo,x] is Vd^ijut)) measurable. The previous lemma ensures then 
that {'lZ{t) — dx{1Z{t))) n [0, oo[ is independent of TZ{t)r\] — oo,x] and is distributed as 

(7^-(^o(7^(^))) n [o,cc[. 

• The stationarity of C{t) should be plain from the construction of the covering 
and the fact that the law of a PPP with intensity dx is invariant by translation of 
the first coordinate. Stationarity can also be viewed as a consequence of regeneration 
and inf TZ{t) = — oo (see Remark (4.11) in [XT]). 

• The symmetry of 7^(t)^' is a consequence of the regeneration property and 
stationarity (see Lemma 6.5 in [22j or Corollary (7.19) in ^23j). 

• As a consequence of stationarity, P(x G C(t)) does not depend on x and is 
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equal to P(0 G C{t)). Following Section 2.1, we write Rx :=Yx — Ix the quantity of data 
over X so that the quantity of data stored in [—L, L] is given for every L > by 

\C{t)n[-L,L]\=R^L + { k)-RL- 

ti<t, Xi&]-L,L] 

By invariance of the PPP {(tj, Xj, li) : i £ N} by translation of the second coordinate, 

F{{2L)-'^Rl >e)= P((2L)-^i?_L > e) = P((2L)-^i?o > e) ^ 0. 
Moreover using dSJ, (2L)^^ /j mt in probability. So 

ti<t, Xie]-L,Ll 

E((2L)-i I C{t) n [-L,L] I ) mt 

and we conclude with 

E( I C(t) n [-L, L]\) =E{ [ l{xec(t)}dx) = [ P(x G C(t))dx = 2LP(0 G C(t)). 

J-L J-L 

One can also give a formal argument using Theorem 1 in [22] or P(0 G C(t)) = P(/(t) > 0) 
and Theorem [2j □ 



Proof of TheoremlB (i) By symmetry of lZ{tY\ TZ{t) and TZ{t) are identically distributed. 
The regeneration property ensures that 7^(t) is independent of {TZ{t), g{t),d{t)). By 
symmetry, 7^(^) is independent of {g{t),d{t),n{t)). So 7^(^), 7^(^) and {g{t),d{t)) are 
independent. 



(ii) As 7^(t) is a.s. the union of intervals of the form [a, b[, then for every x > 0, 
^|7^{^)n[o,a•]| = dxiTl{t)), ~^x = d^jn{t)) a.s. 

So the range of ~t is equal to 71(1). The fact V is a subordinator will be proved below 
but could be derived now from the regeneration property of Tz{t). Similarly the range 
of V is equal to TZ{t). 

Moreover, dy = —1 on TZ{t) and Ya- = Y;, if [a,b[ is an interval component of C{t). By 
integrating on [d{t),d{t) + y], we have a.s for every y > such that d{t) + y G T^{t), 

Yy+d{t)-Yy = -\n{t)n[d{t),d{t)+y]\. 

Then using again the definition of given in Section 3.1 and that n{t) is the range of 

7x = mf{y >0:ye n(t), \n(t) D [0, y]\ > x} 

= mi{y > : d{t) + y G 7^(^), |7^(^) n [d{t), d{t) +y]\>x] 

= inf{y > : Yy^^^^) - Y^^^,) < -x} (26) 
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Moreover, 

^y+d{t) - Yd(t) = -y+ ^ k 

0<Xi<y 

and Lemma E] entails that 7^'^(*) is distributed as a PPP on [0, t] x M_|_ x M_(_ with intensity 
ds <8> dx (8) So {Yy+d{t) ~ ^d(t))j/>o is a Levy process with bounded variation and 

drift —1 which verifies condition ([9]) (use ([7]) and — 1 + mt < 0). Then Theorem [T] entails 
that is a subordinator whose Laplace exponent is the inverse function of — 



As ll{t) is distributed as 7^(t), t is distributed as t by definition. 



(iii) We determine now the distribution of {g{t),d{t)) using fluctuation theory, which 
enables us to get identities useful for the rest of the work. We write {Yx)x>q for the 
cadlag version of {—Y-x)x>o and 

S{t) := sup{y,, X > 0} = -Jo, lit) := arg(5(t)) = inf{x > : % = (27) 

Using (I16p and the fact that Y has no negative jumps, we have 

g{t) = go{n{t)) = snp{x < : Y^ = I^} 

= sup{x < : Yx-= lo} = -mi{x > : Y^ = -Iq} 

= -lit) (28) 

Using again (1160 and the fact that {Yx)x>o is regular for ] — cxd,0[ (see Proposition 8 
on page 84), we have also a.s. 

d{t) = inf{x >0:Yx = Ix} = inf{x >0:Yx = Io} 

= inf{x >0:Yx<Io}= inf{x >0:Yx< -S{t)} = Tg^t) 

where {Tx)x>o is distributed as {~tx)x>o by (f26l) and {Tx)x>o is independent of (S'(t), 7(t)) 
since {Yx)x>o is independent of {Yx)x<o- Then for all A, /i > with ^ : 

E(exp(A(7(t) - /urf(t))) = E(exp(-A7(t))E(exp(-^r5(i)))) 

= E(exp(-A7(t)-A^(*)(/i)5(t))) 

= -[^Wr(0)^^!M^^ using CI (29) 
A — ^ 

,kW(A)-kW(u) ^ , , 

= (1-mt) ^ ^ using© (30 

A — /i 

which gives the distributions of d{t), g{t) and l{t) letting respectively A = 0, /i = and 
A ^ /i. Computing then the Laplace transform of {—Ul{t), (1 — U)l{t)) where U \s a, 
uniform random variable on [0, 1] independent of l{t) gives the right hand side of ()30p . 
So {g{t), d{t)) = {—U'l{t), (1 — U')l{t)), where C/' is a uniform random variable on [0, 1] 
independent of /(t) . □ 
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Remark 3. We have proved above that 'R.(t) is distributed as Tl{t), which entails that the 
last passage-time-process of the post-infimum process of {—Yx)x>o is distributed as the 
first-passage-time process of {—Yx)x>o- 

This result is also a consequence of the fact that the post-infimum process of {—Yx)x>o 
is distributed as the Levy process {—Yx)x>o conditioned to stay positive [20], whose 
last-passage-time process is a subordinator with Laplace exponent k (see Exercise 3 on 
page 213 in [3]). 



Proof of CoroUaryUl As P(0) < oo, then n(0) = tz?(0) < oo (see ([20])). So is the 
sum of a drift and a compound Poisson process. That is, there exists a Poisson pro- 
cess {Nx)x>o of intensity i^'(O) and a sequence (Xj)jgp} of iid variables of law 
independent of {Nx)x>o such that 



i=l 

As TZ{t) is the range of t*, the number of data blocks of C{t) between d{t) and d{t) + t*^. 
is equal to the number of jumps of ~t before x, that is Nx- Thus, 

number of data blocks in \d(t),d(t) + ~7x] x^oo '^(Ni) n 
— = — > — — — = tv(\j){l — mt) a.s. 

T X T X lE(ri) 

by the law of large numbers (see [1] on page 92). This completes the proof. □ 



4 Asymptotics at saturation of the hardware 

We focus now on the asymptotic behavior of lZ{t) when t tends to 1/m, that is when 
the hardware is becoming full. First, note that if v has a finite second moment, then 



(I - mt)2 ' 



Thus we may expect that if v has a finite second moment, then (1 — m.t)'^l{t) should 
converge in distribution as t tends to 1/m. Indeed, in the particular case v = 5i or in the 
conditions of Corollary 2.4 in [3], we have an expression of nW(dx) and we can prove 
that (1 - intfl{t) does converge in distribution to a gamma variable. More generally, 
we shall prove that the rescaled free space (1 - m^)27^(^) converges in distribution 
as t tends to 1/m. In that view, we need to prove that the process (^(i*ljnt)-2j;)2:6K 
converges after suitable rescaling to a random process. Thanks to (dH), (1 - mtfn{t) 
should then converge to the set of points where this limiting process coincides with its 
infimum process. We shall also handle the case where ly has an infinite second moment 
and find the correct normalization. 
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In queuing systems, asymptotics at saturation are known as heavy traffic approxi- 
mation {p = tva. — > 1), which depend similarly on the tail of v. And for v finite, results 
given here could be directly derived from results in queuing theory (See III. 7.2 in [lOj or 
|16j if V has a second moment order and [7j for heavy tail of v) . The main difference here 
is that V can be infinite and we consider the whole random set of occupied locations. 
Moreover, as explained below, asymptotics of 7^(t) can not be directly derived from 
asymptotics of Y or the workload R. 

Following the notation in [5], we say that v S P2+ if has a finite second moment 
m2 := /q°° For a 2], we say that u G Da whenever 

3C7>0 such that Cx"" 

and we put for a G]1,2[ : 

C„ := (' ^r(2-a) 
V™2(a-1) 

We denote by {Bz)zm. a two-sided Brownian motion, i.e. (-Bx)x>o and {B^x)x>o are 
independent standard Brownian motions. For a 2[ , we denote by {a'f^'' ) z<^m. a cadlag 
process with independent and stationary increments such that {cr^^)x>Q is a standard 
spectrally positive stable Levy process with index a : 

V X > 0, A > 0, E(exp(-AfTi°)) = exp(xA"). 




We introduce now the following functions and processes defined for all 
it,x,z) e [0,l/m[xM:; X M and a e]l,2[ by 



e2+(t) = (l-mt)2 


/2+(x) = 


= i/V^ 


v2+,A _ 
^ z 


= -Xz + Y^m2/mS^ 


'^^'^-'-log((l-mt)) 










f2{x) = 


^/log{x)/x 


v2,A _ 

z 


-Xz + y^C/uiB, 




fa{x) = 




■i^a,A _ 
-' z 


-Xz + C^fii") 


and the infimum process defined for x S ^ 


R by 4"'^ : = 


inf{yjf : 


y < x}. 



We have the following weak convergence result for the Hausdorff metric defined in 
Section 2. 

Theorem 3. If ly £ (a £ [1, 2] U {2+}^, then ea(^).7^(^)^' converges weakly in n{R) 
as t tends to 1/m to {x G M : F"'^ = Ix'^Y^ ■ 

First we prove the convergence of the Laplace exponent ^f^*) after suitable rescaling 
as t tends to 1/m, which ensures the convergence of the Levy process y^*^ after suitable 
rescaling (see Lemma [3]) . These convergences will not a priori entail the convergence 
of the random set ea{t) ■TZ'^^t) since they do not entail the convergence of excursions. 
Nevertheless, they will entail the convergence of k^*^ since k^*) o (— ^f^*)) = Id (Lemma 
H]). Then we get the convergence of r*-*) as t tends to infinity and thus of its range 
e^{t).n'\t). 
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Remark 4. More generally, if u is regularly varying at infinity with index —a g] — 1, — 2[, 
then we have the following weak convergence in 7i(R) 

x-^n{{l - xu{x))/mf ™ {x G M : Y^'^ = I^'^Y^ with C = 1. 

For instance, the case i>{x) cx^"log(x)'^ with (a,/5, c) e]1,2[xR x leads to 

{{l-mt)log{l/{l-mt))-'^)^n{tf {xeR: Y,^'^ = /°'^}"' with C = c/{a-lf. 

If is regularly varying at infinity with index —2, there are many cases to consider. 



We get then the asymptotic of {g{t),d{t)) : 

Corollary 2. If v £ Da (ct S [1,2] U {2+}), then ea{t)-{g{t),d{t)) converges weakly as 
t tends to 1/m to (sup{x < : Yx'^ = lQ'^},mi{x > : Yx'^ = Iq'^})- 
If V £ T>2+ (resp. T>2), ea{t)I{t) converges weakly to a gamma variable with parameter 
(l/2,m/(4m2)) (resp. (1/2, m/4);. 

Remark 5. The density of data blocks of size dx in {t).n{tY^ is equal to ^nW(dx). 
By the previous theorem or corollary, this density converges weakly as t tends to 1/m 
to the density of data block of size dx of the limit covering {x £ M : Yx'^ = 1"'^}'^^ 
This limit density, denoted by 11"'^ (dx), can be computed explicitely in the cases v G 
T>a {a G {2,2+}), thanks to the last corollary : 

Note that is also the Levy measure of the limit covering {x G M : Yx'^ = l"'^}^'- 



If we look at C{t) in a window of size x and let x tend to infinity, we observe : 

Theorem 4. If v £ T)a (a G [1,2] U {2+}j, x tends to infinity and t to 1/m such that 
1 — mt ~ A/q,(x) with A > 0, then x~^{TZ{tY^ H [0, x]) converges weakly in '^([0,1]) to 

{xG[0,l]:y°'' = /."'V- 

Thus as in [8], we observe a phase transition of the size of largest block of data in [0, x] 
as X — > oo according to the rate of filling of the hardware. More precisely, denoting 
Bi{x,t) =1 /i(x,t) I where {Ij{x,t))j>i is the sequence of component intervals of C{t) n 
[0, x] ranked by decreasing order of size, we have : 

Corollary 3. Let v G T)a (ot G [1, 2] U {2+} ), x tend to infinity and t to 1/m .■ 

-If 1 — mt ~ \fa{x) with A > 0, then Bi{x, t)/x converges in distribution to the largest 
length of excursion of (Yx'^ — Ix'^)x<^[o.i\- 

- If fa{x) = o(l — mt), then Bi{x,t)/x -^-^ . 

- // 1 — mt = o(fa{x)), then B\{x, t)/x 1. 
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The phase transition occurs at time t such that 1 — mt ~ \fa{x) with A > 0. The 
more data arrive in small files (i.e. the faster i>{x) tends to zero as x tends to infinity), 
the later the phase transition occurs. The phase transition in [8] or [5] uses the bridges 
of the processes involved here. A consequence is that in our model, Bi{t,x)/x tends to 
zero or one with a positive probability at phase transition, which is not the case for the 
parking problem in ^ or ^ . More precisely, denoting by B^^x the law of the largest 
length of excursion of {Yx'^ — Ix'^)x(^[o,i\t have : 

V (A, a) e m;x]1, 2[u{2+}, P(5„,a = 0) > 0, P(5„,a = 1) > 0. 



For the proofs of the theorems, we introduce ^"'-^ the Laplace exponent (see (jH)) of 
ya,A g-yg^ for y > 0, A > and a e]1, 2[ by 

m 2 m 2 

We denote by B the space of cadlag function from M_|_ to M which we endow with the 
Skorokhod topology (see [H] on page 292). First, we prove the weak convergence of 
y'-*-' after suitable rescaling. 



Lemma 3. If £ (a G [1, 2] U {2+} ), then for all y > and X > : 

x^((^-^M^-y)/-^\{xf^{x))-'y) ™ ^^'\y), 
which entail the following weak convergences of processes in D .■ 

{e^mi - mtrx%)-^y)y>o (K'')y>o^ 

Remark 6. If i? is regularly varying at infinity with index —a s] — 1,— 2[, then 
i?(^x)^^^^^^^^^'^^^^^^^\x~^y) converges to ^"'''^(y) as x tends to infinity. 



Proof of Lemma El Using ([6]) , we have 

x^^^\y) = xy{mt-l-t I (1 - e-2'")p(n)dn). (31) 
We handle now the different cases : 







• Case £ T>2+. Using |1 — e < n (u > 0) and dominated convergence 

theorem gives : 

\^ X . [°° _, . ym2 

(1 — e " )v\u)(lu ~ y I ui/[u)au = — — 

Jo 2 
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which proves the first part of the lemma using (I3ip . 

• Case u G with a g]1,2[. Using that {u/y)°^D{u/y) is bounded, we apply 
dominated convergence theorem and get 

OO POD 

(1 - e-S'")P(n)dn = y-^ / (1 - e"")P(n/y)du (32) 
Jo 



y-'c{y-')- 



poo 

/ (1 - e-")n-°dn 
Jo 



y-o ^ r(2 - a) a_i 

^ 1 — y 



a — 1 

which proves the first part of the lemma using (jSip . 

• Case I' is regularly varying at infinity with index —a €] — 1, — 2[. First, 

"^/v^ r^/^ v^o , /9 

(1 - e-^")z?(u)du < y / nP(n)dn = y^^^ 



Moreover for every u > 0, v{u/y) ~ u{y)u~°'. Let 6 > such that —2 < —a — 6 < 
—a + 5 < —1. By Potter's theorem (page 25 in [B]) ensures that for all y small enough 
and u large enough, 

4^<2max(n--+^n— ^). 
So we can apply the dominated convergence theorem to get 

^^^{l - e-2'")P(n)dn = y-^ H {1 - e-'')u{u/y)du ^^^^^y-^ij{l/y). 
Jvv " ~ 1 

As y"/^ = o(y^^i>(l/y)) (y ^ 0), we can complete the proof with 

'(1 - e-y'')iy{u)du ^^^—^y-^iy{l/y). 

a — 1 

Case I' £ T>2- We split the integral. First, we have 

(1 - e-S'")p(n)dn ^~ y / ui?{u)du ~ Cylog(l/y)/2. 



/o JO 
since J^^^il — e~^" + yu)u{u)(iu = o{y Jq^^ ui'{u)du). Moreover, 

/•OO 

(1 - e-^")p(n)du = y-^ / (1 - e-")p(n/y)du 
i/v^ Jvv 

* # /I . I II ^ 1 1 . ^ — ■ , , . 



y^O 



poo 

Cy (1 - e"")n"^du using G P2 
Cy / u-^du = C7ylog(l/y)/2 



20 



j-OO 

/ (1 _ e-y^)v{u)du Cylog(l/y) 
Jo 

which proves the first part of the lemma using ()3ip . 

These convergences ensure the convergence of the finite-dimensional distributions 
of the processes. The weak convergence in D, which is the second part of the lemma, 
follows from Theorem 13.17 in |15j . □ 



In the spirit of Section 3, we introduce the expected limit set, that is the free space 
of the covering associated with y"'^, and the extremities of the block containing 0. 

7^(a, A) := {x e M : Y^'^ = I^'^}, g{a, A) := go{n{a, A)), d{a, A) := (^o(7^(a, A)). 

We have the following analog of Theorem [2j 7?.(o,A) and 7?.(a,A) are independent, identi- 
cally distributed and independent of ((7(0, A), d(a, A)). Moreover 7^(Q,A) and 7^(o,A) are 
respectively the range of the subordinators t*"' and V"' , whose Laplace exponent k"'"^ 
is the inverse function of — Finally, using [il/"'^] (0) = —A, the counterpart of (I29p 
gives for p, > and p ^ fi : 

E{exp{pg{a, A) - /id(a. A))) = A ^. (33) 

p — p 

The proof of these results follow the proof of Section 3.2, except for two points : 

1) We cannot use the point process of files to prove the stationarity and regen- 
eration property of TZ{a, A) and we must use the process y"'-** instead. The stationarity 
is a direct consequence of the stationarity of [Yx''^ — The regeneration 

property is a consequence of the counterpart of Lemma [2] which can be stated as 
follows. For all X G M, 

(^dJ(7^{a,A))+^, ~ ^dj{n{a,x))) y>o independent of {Y^J^T^(^a,x))-y ~ ^d4n{a,x))) y>o 

and distributed as (1"^"'^)^^^. As LemmaO this property is an extension to the stopping 
time dx{Tl{a, \)) of the following obvious result : {Y^_^^ — yf'^)^^^ is independent of 
(y"4 ~ ^"'^)«>o distributed as {Yy'^) 



2) It is convenient to define directly {~rx'^)x>o by 



-■^:=inf{y>0:y,-V.-^^iA)<--}- 



For A > 0, [^'"■^]'(0) = -A < so we can apply Theorem [T] and r ' is a subordinator 
whose Laplace k"''^ is the inverse function of — Moreover its range is a.s. equal to 
TZ{a,X), since the Levy process ^^^^ — Yd(a \^)y>0 is regular for ] — cxd, 0[ (Proposition 
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8 on page 84 in [i]). 



To prove the theorems, we need a final lemma, which states the convergence of the 
Laplace exponent of TZ{t). 

Lemma 4. If u e (a G [1, 2] U {2+} ), then for all z > and X> 0, 

Remark 7. If P is regularly varying at infinity of index —a g] — 1, — 2[, we have similarly 

Proof. First we prove that 

a{t) '^^^"^ Pit) K^'\a{t)) ^"-^"^ K^'HPit)). (34) 

Indeed the function u G Ml i-^ ^— ^ — decreases so for all x > and u,v > 0, we have : 

,M , 1 — e~"^ .n , 

min( — , 1 1 < < maxi — , 1 ) , 



which gives 



and proves (1341) recalling ()T9]) . 

Then the first part of Lemma [3] and the identity k*^*) o (— ^f^*)) = Id give the first 

part of LemmaH Indeed for every y > 0, ^'(*)(ea(t)(l - mt)~^y) ea(t)^'"'^(y). 
So ([Mj) entails 

6„(t)(l-mt)-iy KW(-e„(t)vI/°'i(y)). 

Put y = to get the first limit of the lemma and follow the same way to get the 

second one. □ 



Proof of Theorem\^ First, we prove that ea{t).{g{t), d{t)) converges weakly as t tends 
to 1/m to {g{a,l),d{a,l)). Indeed by ([50]) . we have 

K{eMpeait)9it) - = (1 - mt) ^^^^^^^^^^-^^^^^ 

Let t 1/m using Lemma H] and find the right hand side of (j33p to conclude. 
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> cl < cl 

Moreover €a{t)'R-(t) (resp. €o,{t)7i{t) ) converges weakly in 'H(M+) as t tends to 1/m 

► cl i cl 

to 7e(o,i) (resp. 7^(a,l) ). Indeed, by Proposition (3.9) in [13j, this is a consequence 
of the convergence of the Laplace exponent of ea{t)'R{t) given by Lemma HI Informally, 

ea{t)'Jl{t) is the range of {ea{t) r (i~mt)ea{t)-^z) z>o ^^^ose convergence in D follows from 
Lemma |H 

We can now prove the theorem. We know from (|18p that 

ea{t)n{t) = ea{t).{d(t) +nt)) U {ea{t).{-g{t)+n[t))) 
where €a{t)'R-{t), ea{t){—g{t),d{t)) and ea{t)'R.{t) are independent by Theorem[2j Similarly 

7^(a, 1) = (d(a, 1) + 7^^l)) U {-g{a,l) +n{^,i)) 

where 7^{o,l), (— ^(a, 1), d(a, 1)) and 7^(c^,l) are independent. As remarked above, we have 
also the following weak convergences as t tends to 1/m : 

ea{t)n{t) ^7^Kl) , ea{t){-g{t),d{t)) ^ {-g{a,l),d{a,l)), e„(^)7^{t) ^ 7^^l) . 
So ea{t)TZ{tY^ converges weakly to lZ{a, 1)^' in ?^(M) as t tends to 1/m. □ 



Proof of Corollary [3 The first result is a direct consequence of Theorem [3j We have 
then 

ea{t)l{t) =^ d{a,l) - g{a,l). 
Moreover, as k^"*"'^ o (— ^'^+'-'^) = Id, we can compute k'^'^'^ and (|33p gives 

1 _(_ /I + 2S^7i 1 
E(exp(-M(d(2+,l))-5(2+,l))) = (^2+'iy(A.) = ( = , • 

So, by identification of Laplace transform, d{a, 1) — g{a, 1) is a gamma variable of 
parameter (1/2, m/(4m2)) and we get the result. The argument is similar in the case 
a = 2. □ 



Proof of Theorem The argument is similar to that of the proof the previous theorem 
and use the others limits of Lemma S] to get that if x — > oo and 1 — mt ~ Xfaix) with 
A > 0, then x-^7^(^) converges weakly in n{R) to {x e M : Y^'^ = I^'^yK The theorem 
follows by restriction to [0, 1]. □ 



To prove the corollary of Theorem [H we need the following result. 
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Lemma 5. The largest length of excursion of {Yx''^ — Ix'''^)x£[o,i]! denoted by Ba^x, 
converges in probability to as X tends to infinity and to 1 as X tends to 0. 

Proof • Let < a < b < 1. Note that for al 
ensures that l"'^ — l"'^ > (1 — X')x. Then, 



Proof • Let < a < 6 < 1. Note that for all A' > 1 and x > 0, Y"'^' - Y^'^ = (1 - X')x 



So a.s there exists A' such that 



As y°'^' has no negative jumps, it reaches its infimum on ] — oo, 2(6 — a)/3] in a point 
c G [a + (6 - a)/3, a + 2(5 - a) /3] . Then a.s there exists c G [a + (6 - a)/3, a + 2(6 - a) /3] 
and A' > such that c G 7^(a, A'), which entails that c does not belong to the interior 
of Ba^x'. Adding that Ba^x decreases as A increases, this property ensures that Ba^x 
converges in probability to as A tends to infinity. 



• As {Y"'^)x£M. oscillates when x tends to -co (see 33 Corollary 2 on page 190), 

then 

Iq — > -OO, 

which ensures that B^ x converges in probability to 1 as A tends to 0. □ 



Proof of Corollary The first result is a direct consequence of Theorem |H 

If o(l — mt) = fa{x) {x oo), then for every A > and x large enough, t < 
(1 — A/Q,(x))/m and 

Bi{x, t)/x < Bi{x, l^AM^l 

m 

The right hand side converges weekly to 

,A as X tends to infinity. Letting A tend to 
infinity, the lemma above entails that Bi{x,t)/x ^"il Q in P. 

Similarly if 1 — mt = o(/q,(x)) (x — > cxd) , then for every A > and x large enough, 

Biix, t)/x > Bi{x, i^A^ElM)/^. 

m 

Letting A tend to 0, Lemma [5] entails that Bi{x,t)/x ^-I^^ 1 in P. □ 
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